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The new version of the gedanken experiments proposed by Sorce and Wald are designed to test the
validity of the weak cosmic censorship conjecture (WCCC) by overspinning or overcharging the Kerr-
Newman black hole in Einstein-Maxwell gravity. Following their setup, in this paper, we investigate
the WCCC in the higher-dimensional charged black hole with a nonlinear electrodynamics source.
We derive the first and seconder order perturbation inequalities of the charged collision matter
based on the Iyer-Wald formalism as well as the null energy conditions, and show that they share
the similar form as that in Einstein-Maxwell gravity. As a result, we find that the static higher-
dimensional nonlinear electrodynamics (HDNL) black holes cannot be overcharged after considering
these two inequalities. Our result might indicate the validity of WCCC for more general HNDL and
related systems.
I. INTRODUCTION
In general relativity, there are gravitational singulari-
ties inside black holes. These singularities are not prob-
lematic as long as they are hided by the even horizons.
The naked singularity, however, will invalidate causal-
ity of spacetime. In order to eliminate the possibility of
a naked singularity, Penrose formulated the weak cosmic
censorship conjecture (WCCC) that any physical process
cannot destroy the event horizon of the black holes [1].
There have been many efforts made over the years to
either prove or disprove WCCC. A famous work is the
gedanken experiment proposed byWald [2, 3]. In [2, 3] he
considers the overspinning or overcharging of an extremal
Kerr-Newman (KN) black hole by throwing in a test par-
ticle and find that an extremal Kerr-Newman black hole
cannot be destroy in such a way. However, Hubeny [4]
reaches the opposite conclusion by considering a special
particle with charge. This contradiction has drawn a lot
of attentions [5–28].
In the above gedanken experiments, the self-force and
finite-size effects for a given test particle are ignored, and
the corrections from the conserved charges are only up
to the first-order perturbation. To solve these problems,
Sorce and Wald have recently proposed a new version of
gedanken experiment without relying on the test particle
assumption [29]. In this new gedanken experiment, the
second-order corrections from the mass, angular momen-
tum and charge are taken into account, and the first two
perturbation inequalities of the collision matters are also
obtained in the Iyer-Wald formalism [30]. Given these,
they show that WCCC is still valid for the KN black
holes.
Recently, this new version of gedanken experiment has
also been generalized to many other cases [31–47], and
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WCCC is shown to be valid for these black holes. Since
a general proof of WCCC is still lacking, it is necessary
to investigate the gedanken experiments in various the-
ories, especially for those with particular characteristics
or more general properties. The option of considering
higher-dimensional charged black holes with a nonlin-
ear electrodynamics source (HDNL black holes) is moti-
vated by the fact that nonlinear electrodynamics models
provide us with an excellent laboratory for construct-
ing black hole solutions with interesting properties [48],
for instance, regular black holes [49–57]. Although the
HDNL black holes are possibly regular, the naked singu-
larities are not prohibited in all cases [58–63]. In this pa-
per, we consider the HDNL black holes with gravitational
singularities, and for such HDNL black holes we study the
new gedanken experiment as well as the WCCC.
This paper is organized as follows. In section.II,
we briefly review the Iyer-Wald formalism for general
diffeomorphism-covariant theories and give the corre-
sponding variational quantities. In section.III, we re-
strict ourselves on the HDNL theory, where the explicit
expressions for the corresponding conserved charges are
presented and the related quantities of the static HDNL
black hole are introduced. In section.IV, we present the
setup for the new version of gedanken experiment for
the HDNL black holes, and derive the first and second
order inequalities for the perturbations. In section.V,
we conduct the new version of gedanken experiment to
the nearly extremal HNDL black holes, and verify that
no violation of WCCC can occur when the second-order
perturbation inequality is considered. Finally, the con-
clusions are presented in section.VI.
II. IYER-WALD FORMALISM IN A
DIFFEOMORPHISM-COVARIANT GRAVITY
Recently, Sorce and Wald proposed a new version of
the gedanken experiments by using the Iyer-Wald for-
malisms [30]. This method is based on the variational
theory of an action on a general diffeomorphism-covariant
2n-dimensional oriented manifold M. The Lagrangian L
is a n-form field that depends on locally the metric gab
and other fields ψ. Following the notation in [29], we use
φ = (gab, ψ) to denote all dynamical fields. By perform-
ing a variation to the Lagrangian L, we have
δL = Eφδφ+ dΘ(φ, δφ). (1)
The equations of motion (EoM) will be given by Eφ =
0, and Θ is the symplectic potential three-form. The
symplectic current three-form is
ω(φ, δ1φ, δ2φ) = δ1Θ(φ, δ2φ) − δ2Θ(φ, δ1φ). (2)
The Noether current three-form Jζ associated with a vec-
tor field ζa is then
Jζ = Θ(φ,Lζφ)− ζ · L ≡ Cζ + dQζ (3)
where Qζ is the Noether charge two-form related to ζ
a
and Cζ = ζ
aCa are the constraints of the theory, i.e., the
on-shell dynamical fields will give us Ca = 0.
With the help of diffeomprphism invariance, ζa can be
fixed. If ζa is a Killing vector field and the background
fields satisfy the EOM, we can further obtain the first
two variation identities,
d[δQζ − ζ ·Θ(φ, δφ)] =ω (φ, δφ,Lζφ)− ζ ·Eδφ− δCζ ,
(4)
d[δ2Qζ − ζ · δΘ(φ, δφ)] =ω (φ, δφ,Lζδφ)−
− ζ · δEδφ− δ2Cζ . (5)
We are interested in the static HDNL black holes.
Therefore, we assume that the background spacetime
is asymptotic flat and static, and there exist a timelike
Killing vector field ξa which is normalized at asymptotic
infinity. By utilizing this Killing vector, the ADM mass
of this black hole can be expressed as
δM =
∫
∞
[δQξ − ξ ·Θ(φ, δφ)] . (6)
By replacing ζa with ξa and integrating the perturbation
identities (4)(5) on a hypersurface Σ with a cross section
B of the horizon, we have
δM =
∫
B
[δQξ − ξ ·Q(φ, δφ)] −
∫
Σ
δCξ, (7)
δ2M =
∫
B
[
δ2Qξ − ξ · δQ(φ, δφ)
]
−
−
∫
Σ
ξ · δEδφ−
∫
Σ
δCξ + EΣ(φ, δφ), (8)
where
EΣ(φ, δφ) =
∫
Σ
ω(φ, δφ,Lξδφ). (9)
III. HDNL GRAVITY AND ITS STATIC
SOLUTION
In this section, we consider the n-dimensional NL the-
ory [48] and put it into the Iyer-Wald form. The La-
grangian is
L =
1
16π
ǫR− αǫ
(
FabF
ab
)q
(10)
where ǫ ≡ ǫa1···an is the volume element, Fab = ∇aAb −
∇bAa (or F = dA) is the field strength (Maxwell tensor).
α is the coupling constant whose sign must be chosen such
that the energy density is positive. This condition selects
two branches depending on the range of the exponent
q[48],
sgn(α) = −(−1)q for q >
1
2
sgn(α) = (−1)q for q <
1
2
(11)
Also, the exponent q will be restricted in the following.
Accordingly, the symplectic potential is
Θ(φ, δφ) = ΘGR(φ, δφ) +ΘNL(φ, δφ) (12)
with components
ΘGRa2···an(φ, δφ) =
1
16π
ǫda2···ang
degfg (∇gδgef −∇eδgfg)
(13)
ΘNLa2···an(φ, δφ) = −
1
4π
ǫda2···anB
deδAe. (14)
Here, we have denoted Bde ≡ 16παqF q−1F de and F ≡
FabF
ab. The Noether charge is given by
Qξ = Q
GR
ξ +Q
NL
ξ (15)
whose the components are
(
QGRξ
)
a3···an
= −
1
16π
ǫdea3···an∇
dξe, (16)
(
QNLξ
)
a3···an
= −
1
8π
ǫdea3···anB
deδAf ξ
f . (17)
The constraints can be shown to be
Cfa2···an = ǫea2···an (Tf
e +Af j
e) . (18)
Here we denote
Tab =
1
8π
Gab − T
NL
ab , j
a =
1
4π
∇bB
ab (19)
where Gab is the Einstein tensor, and the electromagnetic
stress-energy tensor is
TNLab = 4α[qFacF
c
b F
q−1 −
1
4
gabF
q]. (20)
T ab and ja are nonvanishing when there are other
charged matter sources; they represent the stress-energy
tensor and the Maxwell charge current of the additional
3matter. Constraining T ab = ja = 0 gives the EoM of the
on-shell fields.
We only consider the situation that background space-
time is static, that to say, LξA = ξ · F + d (ξ ·A) = 0.
Since ξ ·A is a constant on the horizon, we have
ξaB
ab ∝ ξaF
ab ∝ ξb (21)
on the horizon. From (13) and (14), the symplectic cur-
rent for the HDNL theory can be written as
ω(φ, δ1φ, δ2φ) = ω
GR + ωNL, (22)
where, in components,
ωGRa2···an =
1
16π
ǫda2···anw
d, (23)
ωNLa2···an =
1
4π
[
δ2
(
ǫda2···anB
de
)
δ1Ae−
−δ1
(
ǫda2···anB
de
)
δ2Ae
]
, (24)
with
wa = (gaegfbgcd −
1
2
gadgbegfc −
1
2
gabgcdgef−
−
1
2
gbcgaegfd +
1
2
gbcgadgef ) (δ2gbc∇dδ1gef − δ1gbc∇dδ2gef )
Next, We focus on the static HDNL black hole so-
lution in this theory. In addition, we only consider a
purely radial electric Ansatz for the electromagnetic field
which means that the only non-vanishing component of
the Maxwell tensor is given by Ftr [48]. Then, the line el-
ement and the non-vanishing Maxwell tensor component
are respectively [48]
ds2 = −f(r)dt2 +
1
f(r)
dr2 + r2dΩ2n−2, (25)
Ftr =
C
r
n−2
2q−1
, (26)
where dΩ2n−2 is the metric of a (n− 2)-dimensional unit
sphere SD−2, and
f(r) = 1−
m
rn−3
+
D
rβ
. (27)
Here we have defined
D =
κα(−2)
q+1
(2q− 1)
2
C2q
(n− 2)(n− 2q− 1)
, β =
2(qn− 4q + 1)
2q − 1
,
(28)
with κ = 8π. The m and C are two integration con-
stants proportional to the mass and the electric charge
of the black hole; their relations to the ADM mass M
and electric charge Q of the black hole are as follow
m =
16πM
(n− 2)Ω
(29)
C2q−1 =
Q
4αq(−2)q−1Ω
(30)
with Ω = 2π(n−1)/2/Γ[(n− 1)/2] being the volume of the
unit (n− 2)-sphere.
Since the only non-vanishing component of the
Maxwell tensor is given by Ftr, the Maxwell invariant
F = −2(Ftr)
2 is negative, and the exponent q can only
be an integer or a rational number with odd denominator.
Thus, in order to deal with real solutions, the exponent
q is restricted to be an element of the following set
Q =
{
m
2n+ 1
| (m,n) ∈ Z× Z
}
. (31)
This metric solution suggests two natural ranges con-
cerning the exponent β, namely whether 1
rβ
goes faster
or not than the Schwarzschild potential 1rn−3 when r go
to zero. When 0 < β < n − 3, the WCCC will certainly
satisfied since f(r) will change sign when r close to zero.
In other words, there will be a horizon. The cases β ≤ 0
and β = n− 3 correspond to the non-asymptotically flat
metric and the critical exponent q = (n − 1)/2 respec-
tively, and we will not consider these two cases in this
paper. So, we only investigate the case when β > n− 3.
The condition β > n− 3 imposes the exponent q to be in
the following range q ∈ Q∩ (1/2, (n−1)/2) which in turn
implies that the field strength (26) vanishes at infinity
[48]. In order to have real roots for the metric function
f(r), the constant m must be positive and the constant
D must be chosen in the following range
0 < D < (n− 3)
(
m
β
) β
n−3
(β + 3− n)
β+3−n
n−3 . (32)
Under these conditions, we have two roots localized at
r− ∈ (0, d) and r+ = rh ∈ (d,∞) where
d =
(
m
β
(β + 3− n)
) 1
n−3
.
The radius rh of the event horizon is the largest root of
f(r) = 0. The corresponding surface gravity, area of the
black hole and electric potential are respectively
κh =
f ′(rh)
2
, AH = Ωr
n−2
h , ΦH =
1
3− n+ β
C
r3−n+βh
.
(33)
An extremal black hole can also be obtained if m is pos-
itive and the constant D given by
D = (n− 3)
(
m
β
) β
n−3
(β + 3− n)
β+3−n
n−3 (34)
with the horizon radius re = d for the extremal HDNL
black hole.
IV. PERTURBATION INEQUALITIES IN HDNL
GRAVITY
Following the new version of gedanken experiments
proposed by Sorce and Wald [29], in this section, we de-
rive the first and second order inequalities in the HDNL
4gravity. These two inequalities are essential for us to in-
vestigate whether WCCC is valid or not by virtue of the
null energy condition of the matter sources.
We consider a one-parameter family additional charged
matter source which is restricted to a compact region of
the future horizon, and it will cause a perturbation to
the static HDNL black hole. The EoM of the dynamical
fields then can be written as
Rab(λ)−
1
2
R(λ)gab(λ) =8π
[
TNLab (λ) + Tab(λ)
]
, (35)
∇
(λ)
b B
ab(λ) =4πja. (36)
We have set T ab = ja = 0 for the background fields.
Similar to [29], we also assume the nearly extremal HDNL
black holes with a bifurcate horizon to be linearly stable
under perturbations. Therefore, we can always choose
the hypersurface as Σ = H ∪ Σ1, and H is a portion
of the future horizon bounded by the bifurcate surface
B as well as the late cross section B1 where the matter
source vanishes. From B1 to the spatial infinity, there is
a spacelike hypersurface Σ1 where the dynamical fields is
described by the static HDNL solutions (25).
We know that the perturbation vanishes on the bifur-
cation surface B. On the other hand, the background
fields are source-free and satisfy the EOM Eφ = 0, then
the first-order perturbation identity (8) reduce to
δM = −
∫
H
ǫea2···an [δTf
e +Af δj
e] ξf (37)
where we have used the fact that T ab = ja = 0 for the
background spacetime. As has been mentioned in sec-
tion.III, the electric field potential Φ = −ξaAa vanishes
at asymptotic infinity, and it is a constant on the H.
According to the HDNL part of (19), we further obtain
−
∫
H
ǫea2···anξ
fAfδj
e = ΦHδ
[∫
H
ǫea2···anj
e
]
=
1
4π
ΦHδ
[∫
H
ǫea2···an∇fB
ef
]
=
1
8π
ΦHδ
[∫
B1
ǫeda3···anB
ed −
∫
B
ǫeda3···anB
ed
]
=ΦHδQ (38)
with the electric charge of the black hole given by
Q =
1
8π
∫
∞
ǫeda3···anB
ed =
1
8π
∫
B1
ǫeda3···anB
ed. (39)
Here we have used the Gaussian theorem and the current
ja vanishes on Σ1. Using this result, Eq. (37) becomes
δM − ΦHδQ =
∫
H
ǫ˜δTabk
aξb ≥ 0 (40)
where we have used the null energy condition δTabk
akb ≥
0, and ǫ˜ is the volume element on the horizon obtained
from ǫea2···an = −4k[eǫ˜a2···an] with the future-directed
normal vector on the horizon ka ∝ ξa. According to
(29), (30) and (33), we also have
δM − ΦHδQ =
(n− 2)Ω
16π
(
δm−
δD
r3−n+βh
)
≥ 0. (41)
For the double-horizon black holes, if the naked singu-
larity can be obtained by adding charges, it means that
the optimal choice will make the HDNL black hole to
saturate (40), i.e. δTab vanishes on the horizon. Then,
we get
δM − ΦHδQ = 0. (42)
Accordingly
δm−
δD
r3−n+βh
= 0. (43)
Next, we consider the second-order perturbation in-
equality under this optimal condition. Similar to the
first-order analysis, we can obtain
δ2M = −
∫
H
ξ · δEφδφ−
∫
H
δCξ + EΣ(φ, δφ)
= −
∫
H
δCξ + EΣ(φ, δφ) (44)
where in last step, we have used the fact that ξa is tan-
gent to the horizon. The integrals only depend on the
H since Eφ(λ) = C(λ) = 0 on Σ1 (since the dynamical
fields satisfy the source-free EOM on the hypersurface
Σ1). With the optimal condition of the first-order per-
turbation as well as the energy condition for the second-
order perturbed stress-energy tensor, Eq. (44) reduces
to
δ2M − ΦHδ
2Q = EΣ(φ, δφ) +
∫
H
ǫ˜δ2Tabξ
akb
≥ EH(φ, δφ) + EΣ1(φ, δφ) (45)
where we have imposed the condition ξaδAa|H = 0 by
a gauge transformation [29]. The first term of the right
side in (45) can be decomposed into
EH(φ, δφ) =
∫
H
ωGR +
∫
H
ωNL. (46)
According to [29], the gravitational part in above expres-
sion is given by∫
H
ωGR =
1
4π
∫
H
(ξa∇au)δρacδρ
bcǫ˜ ≥ 0. (47)
where δρab denotes the perturbed shear of the horizon
generators, u represents an affine parameter along the
future horizon. For the HDNL part, according (23), we
have
ωNLa2···an =
1
4π
ǫda2···an
[
δAeLξδB
de − δBdeLξδAe
]
+
+
1
4π
[
(Lξδǫda2···an)B
deδAe − δǫda2···anB
deLξδAe
]
.
(48)
5By virtue of the gauge condition ξaδAa = 0 on the hori-
zon as well as the assumption (21), the last two terms
vanish. Then, Eq. (48) becomes
ωNLa2···an =
1
4π
Lξ
(
ǫda2···anδAeδB
de
)
−
1
2π
ǫda2···anδB
deLξδAe (49)
By using the Stoke’s theorem, the integral over H of
the first term will only contribute a boundary term at
B1. According to the stability assumption, δB
de will
also satisfies Eq.(21). With the help of the gauge con-
dition ξaδAa = 0 on H, the first term of (49) makes no
contributions. Thus, we have
EH(φ, δφ) = −
1
2π
∫
H
ǫda2···anδB
deLξδAe
=
∫
H
ǫ˜ξakb
(
δ2TNLab
)
≥ 0 (50)
where we have used the null energy condition for the elec-
tromagnetic stress-energy tensor. Finally, (45) reduces to
δ2M − ΦHδ
2Q ≥ EΣ1(φ, δφ). (51)
Following [29], we now evaluate the remaining term
EΣ1(φ, δφ). We first write EΣ1(φ, δφ) = EΣ1(φ, δφ
NL),
where φNL is introduced by the variation of a family of
HDNL black hole solutions (25),
MNL(λ) =M + λδM (52)
QNL(λ) = Q + λδQ (53)
where δM and δQ satisfy the first order optimal pertur-
bation of the matter source. From the variation (IV), one
can find δ2M = δ2Q = δE = δ2C = EH(φ, δφ
NL) = 0.
Thus, from (8), we have
EΣ1(φ, δφ
NL) = −
∫
B
[
δ2Qξ − ξ · δΘ(φ, φ
NL)
]
. (54)
Since ξa is vanishing on the bifurcation surface B, we
have
EΣ1(φ, δφ
NL) = −
∫
B
δ2Qξ = −
κh
8π
δ2ANLB . (55)
Therefore, the second-order inequality becomes
δ2M − ΦHδ
2Q ≥ −
κh
8π
δ2ANLB . (56)
Here ANL
B
(λ) is the area of the bifurcation surface B
for the static HDNL black hole with mass MNL(λ) and
charge QNL(λ).
For the left hand side of (56), according to (29), (30)
and (33), we have
δ2M−ΦHδ
2Q =
(n− 2)Ω
16π
δ2m−
4αq(−2)
q−1
Ω
3− n+ β
σ
1
2q−1
r3−n+βh
δ2σ
(57)
where σ ≡ C2q−1. From the line element (25) of HDNL
black holes, we see that the right hand side of the in-
equality (56) can be calculated by taking two variations
of the area formula AB = Ωr
n−2
h . Using the fact that
f(rNLh (λ),m(λ), σ(λ)) = 0 (58)
and taking the first-order variation of this equation, we
obtain
δrNLh ∝ δm−
δD
r3−n+βh
, (59)
which implies that δrNLh = 0 under the optimal condi-
tion of the first-order perturbation inequality. By taking
the second-order variation of equation (58) and using the
optimal condition δrNLh = 0, we can further obtain
δ2rNLh =
rn+1h δ
2DNL
βrnhD − (n− 3)r
β+3
h m
(60)
with
DNL(λ) =
κα(−2)
q+1
(2q− 1)
2
(σ + λσ)
2q
2q−1
(n− 2)(n− 2q− 1)
, (61)
which implies that
δ2DNL = DNL
′′
(0) =
2καq(−2)
q+1
σ
2−2q
2q−1
(n− 2)(n− 2q− 1)
δσ2. (62)
Also, we have the the second-order variation of the area
formula
δ2ANLB = (n− 2)Ωr
n−3
h ((n− 3)r
−1
h (δr
NL
h )
2
+ δ2rNLh )
= (n− 2)Ωrn−3h δ
2rNLh . (63)
By using the expression of the surface gravity
κh =
(n− 3)m
2rn−2h
−
βD
2rβ+1h
, (64)
and combining the above results, we can turn the right
hand side of (56) into
−
κh
8π
δ2ANLB =
καq(−2)
q+1
Ωσ
2−2q
2q−1
8π(n− 2q− 1)r3−n+βh
δσ2. (65)
Finally, the second-order perturbation inequality be-
comes
δ2m ≥
2καq(−2)
q+1
σ
2−2q
2q−1
(n− 2)(n− 2q− 1)r3−n+βh
(
δσ2 + (2q − 1)σδ2σ
)
.
(66)
It can be further re-expressed as
δ2m−
δ2D
r3−n+βh
≥ 0. (67)
With the results of these two inequalities (43) and (67),
we are now ready for the new version of Gedanken ex-
periment.
6V. GEDANKEN EXPERIMENTS TO DESTROY
THE NEARLY EXTREMAL BLACK HOLES
Now we shall investigate the possibility in HDNL grav-
ity to destroy the nearly extremal charged black holes by
conducting the new version gedanken experiments.
Since we assume that the spacetime settles down to
a static state in the asymptotic future, verifying the va-
lidity of the WCCC is equivalent to see whether there
exists at least one root of the metric function or black-
ening factor f(r(λ),m(λ), D(λ)), which means that the
line element still describes a black hole at sufficient late
times. To make it computable, we define a function
h(λ) ≡ f(rm(λ),m(λ), D(λ)) = 1−
m(λ)
rn−3m (λ)
+
D(λ)
rβm(λ)
(68)
to describe the minimal value of the blackening factor in
the asymptotic future. Here rm(λ) is the minimal radius
of the blackening factor, and it can be obtained by
∂rf(rm(λ),m(λ), D(λ)) = 0. (69)
Using the explicit expression for the blackening factor,
the above identity becomes
m(λ) =
βrn−β−3m (λ)D(λ)
(n− 3)
. (70)
Under the zero-order approximation of λ, we have
m =
βDrn−β−3m
(n− 3)
. (71)
Taking the first-order variation to Eq. (69), we can fur-
ther obtain
δrm =
rmδD
βD
. (72)
Under the second-order approximation of perturbation,
the minimal value of the blackening factor at late times
can be expressed as
h(λ) ≃ 1−
m
rn−3m
+
D
rβm
−
λ
rn−3m
(
δm−
δD
r3+β−nm
)
−
−
λ2
2rn−3m
(
δ2m−
δ2D
r3+β−nm
+
(n− 3)δmδrm
rm
+
+
βδrm
rβ+5−nm
[(3 + β − n)δrm − 2rmδD]
)
(73)
where we have used Eq.(71) to replace m by rm, D and
β.
Since the gedanken experiments are only a perturba-
tion for the background spacetime, it will only cause a
small correction to the physical quantities at late time.
Thus, in the aim to destroy the HDNL black hole, the
initial state must be chosen as a nearly extremal black
hole. We will consider the nearly extremal black hole
situation for the background spacetime in the following.
Then, the relation between the minimal value and hori-
zon radius can be expressed as rm = (1 − ǫ)rh. With
a similar setup as [29], we assume that the parameter ǫ
agree with the first-order approximation of perturbation.
Then, we have
f(rm) = f((1− ε)rh)
≃ −εrhf
′(rh) +
ε2r2h
2
f ′′(rh)
≃ −εrhf
′(rh)− ε
2r2hf
′′(rh) +
ε2r2h
2
f ′′(rh)
= −
ε2r2h
2
f ′′(rh) ≃ −
ε2r2h
2
f ′′(rh) (74)
under the second-order approximation of ǫ, i.e., we have
neglected the higher-order term O(ε3) of ε. We get
f0 = 1−
m
rn−3m
+
D
rβm
=
β(n− 3− β)Dε2
2rβh
+O(ε3) (75)
In the last step, we have replaced rm = (1 − ε)rh by rh
and ignored the higher-order term O(ε3). For the first-
order term in Eq. (73), using the optimal condition of
the first-order perturbation inequality, we have
f1 =
(−n+ 3 + β)λδDε
rβh
+O(ε3, λ3, ε2λ, · · · ). (76)
For the second-order term, using the optimal condition
of the first-order perturbation inequality and the second-
order perturbation inequality, we can obtain
f2 =
λ2(n− 3− β)δD2
2βDrβh
+O(ε3, λ3, ε2λ, · · · ). (77)
Summing the above results, we reach to the final results
h(λ) ≃ −
(3 + β − n)(λδD − βDε)2
2βDrβh
≤ 0 (78)
this implies that the black hole cannot be destroyed under
the second-order approximation. WCCC is also valid in
the HDNL gravity scenario for the black hole solutions
of the form (25)(26).
VI. CONCLUSION
We have studied the the validity of WCCC in HDNL
black holes by considering the Sorce-Wald new version
of gedanken experiment by the Iyer-Wald formalism. We
have derived the first two perturbation inequalities in
HNDL gravity, and then conducted the new version of
gedanken experiment. The result is that the nearly ex-
tremal static HNDL black holes cannot be overcharged
under the second-order approximation. Therefore, there
is no violation of the WCCC around the static black holes
in HNDL gravity. This result indicates that the validity
of WCCC for more general higher dimensional nonlinear
electrodynamic source and related systems.
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